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SU MM AR Y 
An analysis of the general instability of eccentrically stiffened 
complete spherical Shells under uniform pressure is presented. The 
analysis is divided into two parts. The first part is a linear analysis 
in which the general instability loads and the percent weight savings 
due to the stiffeners are calculated. The second part is a Koiter-
type initial post-buckling analysis in which the imperfection-
sensitivity is investigated in an attempt to determine the meaning of 
the results of the first part when used to predict the general insta-
bility loads of imperfect Shells« 
In this analysis the stiffeners are taken to be one-sided, 
attached monolithically, placed along the directions of principal 
curvature, and distributed such th&t the smeared mass is constant. 
The following assumptions are made: (i) linear elasticity, (ii) 
small strains , (iii) moderately small rotations neglecting rota-
tions about the normal, (iv) Kirchhoff Love hypotheses are valid, and 
(v) the stiffeners are close enough to be smeared. The kinematic 
relations of Sanders are employed throughout. 
In the linear analysis the stress and moment resultants are 
determined. The principle of the stationary value of the total poten-
tial is used to determine the three equilibrium equations. The 
primary State is determined and used to obtain the three linearized 
buckling equations. These three equations are reduced to two simpli-
fied equations by the introduction of a "displacement potential." 
xii 
The simplified equations represent an eigenvalue problem in which the 
eigenfunctions are surface spherical harmonics and the eigenvalues are 
the general instability loads. From the Solution of this eigenvalue 
problem the effect of load behavior is determined, the effect of making 
the Mushtari-Vlasov-Donnell approximation is assessed, the non-
dimensional general instability loads are calculated, stiffener posi-
tioning effects are displayed, and the weight savings due to the 
stiffeners are determined. 
In the initial post-buckling analysis the deflections are 
assumed to be axiSymmetrie, the Mushtari-Vlasov-Donnell approximation 
is made, and only one case of load behavior is considered. The expres-
sion for the energy functional is developed. This is expanded twice 
as shown by Kolter's general theory. The functional is linearized 
and the eigenvalues and eigenfunctions are determined as in the linear 
analysis. These eigenvalues and eigenfunctions are substituted into 
the complete energy functional. The derivative of the functional with 
respect to the amplitude of the eigenfunctions is then set to zero and 
the initial post-buckling slope or, when this is zero, the initial 
post-buckling curvature is calculated. A study of the spacing of the 
branching points is made. Based on the Information from this study 
in conjunetion with the calculated slope or curvature it is shown that 
the results of this analysis are questionable for some stiffened 
Shells. Parametric studies of the stiffener effects are presented 





The earliest theoretical developments concerned with the general 
instability (as opposed to local types of instability discussed in 
[1] ) of thin stiffened Shells [2-4-] were based on the assumptions 
of linear elasticity, small deflections, uniform geometry, and ortho-
tropy. The cylindrical shell and shallow spherical cap were treated. 
The importance of the effect of stiffener eccentricity with 
respect to the shell midsurface was first recognized by Van der Neut [5] 
in 1947, but it did not become widely known until the late 1950's. 
Since this time a large number of experimental and theoretical investi-
gations dealing with the eccentricity effect have been reported in the 
open literature [6-27]. These investigations indicated considerable 
weight savings and stiffener-positioning effects. 
Several of these investigations dealt with stiffened spherical 
Shells. Crawford and Schwartz [13] considered rectangular stiffening 
on shallow domes. Eccentricity effects were not considered. Bushneil 
A general instability is one in which all the components of the 
stiffened shell (i.e., the stiffeners and the shell) participate and the 
deformation extends over the entire surface of the shell. 
Numbers in brackets indicate the references collected in the 
Bibliography. 
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[11] used the method of finite differences to solve the general equations 
of equilibrium for eccentrically stiffened shells of revolution. Com-
plete spherical shells were not considered and parametric studies of the 
eccentricity effect were not presented. 
Some early work with monocoque shells, which had considerable 
influence on the work with stiffened shells, indicated that the results 
of the classical linear theory are not sufficient to accurately predict 
the buckling of thin unstiffened Shells. 
The buckling of thin cylindrical shells under the action of a 
uniformly distributed axial load was calculated by R. Lorentz, R. V. 
Southwell, and others. The same problem was investigated experimentally 
by E. E. Lundquist and L. H. Donneil. A systematic discrepancy between 
the theoretically calculated and the experimentally obtained buckling 
loads was found. 
A similar discrepancy was found in the case of the buckling of 
complete spherical shells under pressure. The theoretical buckling 
load calculated by R. Zoelly [28], E. Schwerin [29], and A. Van der 
o o 
Neut [30] was P^D = 2Eh /R /3(1 - v
2) . Some tests made by E. E. Sechler 
CK 
and W. Bollay at the California Institute of Technology, as reported in 
[31], indicated that the experimental buckling load was only about 
one fourth of this value. 
These disparities between observed and calculated results for 
buckling loads of unstiffened cylindrical and spherical shells prompted 
numerous investigations in an attempt to explain them. Of the proposals 
made in these investigations for causes of the mentioned disparities, 
the following remain as possibilities: (i) imperfection-sensitivity, 
3 
(ii) edge restraint, and (iii) plasticity. 
In 1934 Donnell [32] proposed that the discrepancy between 
experiment and theory is due to imperfections introduced during the 
manufacture of the test specimens. To analytically account for these 
imperfections, he extended the "large-deflection" plate equations of 
von Karman to the analysis of cylindrical Shells and used them in an 
approximate buckling analysis. The Solution obtained was later judged 
to be unsatisfactory by the author himself [33]. 
A general theory which can provide a first order assessment of 
imperfection-sensitivity was developed by Koiter [34-36] in 1945. The 
Koiter-type analysis is rigorous in an asymptotic sense but is valid 
only in the immediate neighborhood of the bifurcation point. In the 
development of this theory Koiter investigated states of equilibrium 
in the neighborhood of the buckling load. He then considered the 
influence of a small deviation from the perfect geometry. Comparing 
these results Koiter concluded that a perfect shell which exhibits 
equilibrium positions in the neighborhood of the buckling load in which 
the load is smaller than at buckling may be imperfection-sensitive with 
the severity of the sensitivity indicated by how fast the load decreases 
in the neighborhood. 
Some recent work indicated that the Koiter criterion for deter-
mining the imperfection-sensitivity of a shell is necessary but not 
sufficient. A survey paper by Budiansky and Hutchinson [37] indicated 
the necessity of the criterion by showing that for all cases reviewed 
the discrepancies between the test results and theoretically calculated 
buckling loads were accompanied by implied sensitivity. Hutchinson [38] 
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showed that the criterion is not sufficient by pointing out that for the 
oval cylinder a Koiter analysis indicates that the shell is imperfection-
sensitive while in reality it is not. Comparison of Koiter's [39] work 
with that of Pope [40] showed that this is also the case with curved 
panels. 
Koiter-type analyses by Hutchinson [41] considering asymmetric 
deformations and by Thompson [42] and Walker [43] considering axisym-
metric deformations have indicated that unstiffened spherical Shells 
under uniform pressure are imperfection-sensitive. 
Experimental verification that geometric imperfections in the 
specimens are at least partially responsible for the observed dispari-
ties between theory and experiment has been provided since 1962. 
Babcock and Sechler [44], Horton and Durham [45], and others have 
reported experimental investigations of the behavior of axially com-
pressed cylindrical Shells. These investigations were performed upon 
Shells which were accurately fabricated to reduce the influence of 
imperfections. Bückling loads as high as 90 per cent of the classical 
value were obtained. Carlson, Sendelbeck, and Hoff [46] performed an 
experimental investigation of the buckling of complete spherical Shells 
under pressure. These Shells were produced by the electroforming 
process. Extreme care was taken to avoid the introduction of imperfec-
tions. Buckling pressures up to 86 per cent of the classical value 
were obtained. 
Edge restraint was mentioned by Donnell [33] as a possible cause 
of the often found discrepancy between theory and experiment. Although 
no published record of experiments conducted specifically to determine 
5 
the effect of edge restraint upon the buckling process are available, 
preliminary results obtained at Stanford University [47] indicate that 
this effect could be appreciable, 
The theoretical work which dealt with the edge restraint effect 
can be divided into two categories. In one of these categories rnembrane 
prebuckling deformations were considered and in the other bending. 
Analyses assuming the existence of a merribrane prebuckled State were 
conducted by Hoff [48], Rehfield [49], and others. Budiansky [50] and 
later Stein [51] considered a bending prebuckled State. Each of these 
analyses indicated that the effect of edge restraint on the buckling 
loads of thin Shells can be large. (In the case of the complete 
spherical shell under uniform load the prebuckled deformation is the 
uniformly contracted State and the edge restraint effect does not 
exist.) 
Horton and Durhain [52] demonsträted experimentally that 
plasticity can also be a cause of the discrepancy. Mayers and Rehfield 
[53] formulated the theory and Mayers and Wesenberg [54] furnished an 
example which demonstrates that plasticity effects can be large. 
The possible causes of the discrepancy for unstiffened Shells 
are listed on page 2. The State of affairs is not so clear for stif-
fened Shells. The number of systematic experimental and theoretical 
investigations of stiffened thin Shells which have been reported in the 
open literature is relatively small. From these it is not even clear 
whether a systematic discrepancy between experiment and theory exists 
or not. 
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Some work has been done on the imperfection-sensitivity of such 
Shells. Crawford and Schwartz [13] made the following Statement con-
cerning the imperfection-sensitivity of stiffened Shells: ". . . the 
stability of stiffened Shells with their characteristically greater 
radii of gyration can be expected to be relatively insensitive to 
initial imperfections. . ." Some test results on stiffened axially-
compressed cylinders , for instance Card's [27], are in fair agreernent 
with the results of the classical theory and thus add substance to 
Crawford and Schwartz's Statement. However, the results of an analysis 
by Hutchinson and Amazigo [55] which indicates that for certain 
geometries stiffened cylindrical Shells under uniform axial compression 
are imperfection-sensitive, contradict their Statement. 
The determination of the effect of load behavior during the 
buckling process is another problem, independent of the problem of 
accounting for the discrepancy, which has received some attention in 
the last few years. The load cases usually considered are (i) the load 
remains parallel to its original direction, (ii) the load remains per-
pendicular to the deformed middle surface, and (iii) the load remains 
directed toward the initial center of curvature. 
Boresi [56] considered load cases (i) and (ii) for a thin 
circular ring under uniformly distributed radial load. Armenakas and 
Herrmann [57] considered these same cases for long cylinders under 
lateral pressure. Smith and Simitses [58] considered all three cases 
for circular rings. 
Recently Simitses and Cole[59] considered all three cases for 
the unstiffened complete spherical sheil under uniform pressure. The 
7 
buckling load was found to be independent of load behavior. Kolter 
[60] showed that the buckling load of any thin shell which buckles into 
a large number of waves is independent of load behavior. 
Only a few references which would illustrate the development and 
the present State of knowledge in the pertinent areas have been presented 
here. Additional references dealing with specific points of interest 
are presented where needed throughout the thesis. For additional 
references see Fung and Sechler [61], Hoff [48,62], and Budiansky and 
Hutchinson [37]. 
Scope of the Analysis 
The work reported in this dissertation can be conveniently 
divided into two chapters, each of which is complete within itself. 
In Chapter II a buckling analysis of eccentrically stiffened 
complete thin spherical Shells under uniform load considering asym-
metric deformations is presented. The analysis is based on the follow-
ing assumptions: (i) linear elasticity, (ii) small strains, 
(iii) moderately small rotations neglecting rotations about the normal, 
(iv) Kirchhoff-Love hypotheses are valid, and (v) that the stiffeners 
are close enough to be srneared. The stiffeners are taken to be one-
sided, attached monolithically, placed along the directions of princi-
pal curvature, and distributed such that the srneared mass is constant. 
The three cases of load behavior previously mentioned are considered, 
the effect of making the Mushtari-Vlasov-Donnell approximation is 
assessed, the non-dimensional generell instability loads are calculated, 
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stiffener positioning effects are displayed, and the weight savings due 
to the stiffeners are determined. 
In Chapter III a Koiter-type initial post-buckling analysis of 
the eccentrically stiffened Shells that were treated in Chapter II con-
sidering only axisymmetric deformations is presented in an attempt to 
determine their imperfection-sensitivity. The analysis is based on the 
same assumptions that were made In Chapter II but the non-linear terms 
are retained. Only load behavior case (ii) is considered and the 
Mushtari-Vlasov-Donnell approximation is made throughout. The initial 
post-buckling slopes are calculated and when these are zero the initial 
post-buckling curvatures are examined. A study of the spacing of the 
branching points is made. From this study it was determined that the 
meaning of the results is questionable for Shells which have closely 
spaced branching points. A parametric study of the imperfection-
sensitivity of the Shells for which the results of the initial post-





Some early experimental work [3,63-65] indicated that the buck-
ling loads of complete thin unstiffened spherical Shells under uniform 
load were much smaller than predicted by the classical linear theory 
and thus cast doubt upon the applicability of this theory to the buck-
ling of such Shells. This doubt, however, was recently dispelled by 
the experimental work of Carlson, Sendelbeck, and Hoff [46]. They 
obtained experimental buckling loads of up to 86 per cent of the clas-
sical value for such Shells. 
The stability of eccentrically stiffened spherical Shells has 
been studied in reference [3,11,13,15]. 
In reference [15] Ebner used an approximate method to calculate 
the general instability loads of uniformly pressurized, meridionally 
stiffened, shallow spherical domes. He did not account for stiffener 
eccentricity. Tests were performed but the stiffener geometry was not 
presented. 
In reference [3] Klöppel and Jungbluth derived a semi-empirical 
expression for the buckling loads of stiffened spherical caps. The 
effect of the stiffeners was included through the introduction of 
equivalent bending and extensional rigidities into a formula for the 
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buckling pressure of a monocoque Shell. The eccentricity effect was 
not considered. Test results were inconsistent. 
In reference [13] Crawford and Schwartz calculated bifurcation 
loads for grid-stiffened spherical domes. They idealized the structure 
by considering it to be orthotropic and by neglecting the eccentricity 
of the stiffeners. 
In reference [11] Bushneil set up the general equations gcvern-
ing the stability of Shells of revolution. He solved the equations 
using the method of finite differences for, among other geometries, the 
internally stiffened spherical cap . He did consider eccentricity 
effects, but did not present pararnetric studies of these effects. 
In this chapter the general-instability of eccentrically stif-
fened complete thin spherical Shells is investigated. The analysis 
is based on a small strain linearly elastic theory. The stiffeners 
are taken to be one-sided, attached monolithically, placed along the 
directions of principal curvature and distributed such that the smeared 
mass is constant. No restriction is placed on the kinematic behavior 
of the shell during buckling. Three cases of load behavior are con-
sidered, the effect of making the Mushtari-Vlasov-Donnell approximation 
is assessed, the weight savings are computed, and pararnetric studies 
of the eccentricity effects are presented. The critical condition 
obtained is shown to coincide with that obtained in [59] when the 
Parameters which characterize the stiffeners (e/h,X,p) are set to zero. 
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Formulation cf the Problem 
The thin spherical shell is eccentrically stiffened along 
directions of principal curvature such that (i) the stiffeners are both 
on the same side with spacings characterized by 6 = constant and (f> = 
constant, (ii) the stiffener eccentricity is the same for all stiffeners 
and constant, and (iii) the smeared extensional and flexural stiffnesses 
are the same along both directions and constant. Assumptions (ii.) and 
(iii) are associated with the conjecture that the smeared mass of the 
closely spaced stiffeners must be constant in order to resist a constant 
pressure efficiently. 
The kinematic relations derived by Sanders [66] are employed in 
the present theoretical development. These relations are based on the 
assumptions of small strains and rotations neglecting rotations about 
the normal. The geometry and sign Convention are given in Figure 1. 
The shell mid-surface is taken to be the reference surface. The kine-
matic relations are 
Eee = W ( u e ) e
+ w ) + 7 * e ( l a ) 
1 1 2 
£ ^ A = F ( U A c s c 6 + u . c o t 8 + W ) + TT * , < l b ) 
Ye+ = 2 e *e = k ( u * , e + ue,* c s c e - y o t e ) + y e de) 
Kee = l * e , e ( 2 a ) 
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k ^ = k (*A i c s c e + $Q cot e ) (2b) 
ke* = W (%,e + V* csc e " % cot 6) (2c) 
-k< -%> (3a) 
^ (u* - W csc6) (3b) 
where the "comma" denotes partial differentiation with respect to the 
subscripts that follow, and the "star" terms in the expressions for the 
rotations are dropped in the Mushtari-Vlasov-Donnell approximation. 
The stiffener-shell connection is assumed to be monolithic and 
the Kirchhoff-Love hypotheses are assumed to be valid for the combina-




 + z kee (4a) 
E = e + z k. (4b) 
Y ~- Ye* + 2z k e * (4c) 
If the material on or before loss of stability is linearly elas-
tic and the Poisson effect for the stiffeners is neglected, then the 
mathematical expression of Hooke's law becomes 
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ö e = 2 ( e e + v V ( 5 a ) 
1 - v 
sh E , N /,-, \ 
a = ( s + v e e ) (5b ) 
1 - v 
sh E 
6(1) 2 ( l + v ) 
( 5c ) 
af = E e e (5d) 
a?* = E£j. (5e) 
a S f l ! 4 Y <5f) 9<J> 2 
Note that both stiffeners are made out of the same material. 
Integrating the Stresses in the usual manner in order to obtain 
stress and moment resultants, and using assumptions (i) through (iii) 
for the closely spaced stiffeners, the constitutive equations are (see 
Figure 1) 
Ne = - S ^ . [(1+X)£e9 + ve + eXk ] (6a) 
1 - v 
N* = " ^ T E ( 1 + X ) £ H + veee + elW (6b) 
1 - V 
% = N*e = ̂ 4 [ ( 1 + X- V ) ee* + e X ke* ] (6c) 
1 - V 
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Me = D[(l+p)kee + vk ] + - * - z Xe[e + ek ] (6d) 
1 - V 
»• = D C ( 1 + p )V + vkee: + 7 ^ X e [ eH + ek**] (6e) 
% = % = D ( 1 + P " v ) k e * + - ^ X e C ee* + e k e * ] ( e f > 
where 
r ,.. 2x EA EI _ Eh /TN 
A = (1-v ) ; p = — ; D = — . U) 
Eh b Db 12(l-v ) 
Use of the principle of the stationary value of the total poten-
tial leads to the three equilibrium equations. 
R[(N. sin 6) n + NQ. , - N. cos 0] + (M" sin 0) . + M" 
- MA cos 6 - R s i n 6(K.*A + NQX<2> ) + P nR s i n 6 = 0 ( 8 a ) 
R [ Y * + ( % sln e),e + % cos 8] + "•,• + ( % sin e) 
* Ä * 0 
+ MAX cos 0 - R sin 0(NX3> + N0.$Q) + P,R sin 0 = 0 (8b) 
[(M0sin 0) A + M0. . - M. cos 0] . + esc 0[M. . + (MQxsin 0) 
These terms are dropped under the Mushtari-Vlasov-Donnell 
approximation. 
15 
+ V o s 6],* " Rsin 6(VNe) " R[sin e(Ve + %V], 
- R[N.$> + NQX4> ] + P R
2 s i n 6 = 0 . ( 8 c ) 
(j> ffi bffl ö , 0 Z 
Bückling Analysis 
It can be easily confirmed that the primary State (unbuckled 
State) which satisfies the equilibrium equations, Equations (8), is 
characterized by the following: 
W° = PR2(l-v2)/2Eh(l+A+v); u° = u° = 0 (9a) 
>° = »? = 0 (9b) 
P° = P° = 0; P° = P (9c) 
N° = N° = PR/2; N°^ = 0 (9d) 
M° = M° = PRXe/2(l+X+v); M° = 0 (9e) 
According to the adjacent equilibrium criterion of instability 
(in which the existence of a bifurcation point is assumed) the follow-
ing conditions are assumed to exist: 
W = PCRR
2(l-v2)/2Eh(l+A+v) + W ; uQ = u^; u = u' (10a) 
16 
(10b) 
P = P ' - p = p ' • P = p + P ' ( 1 0 r ) 
N e = P C R R / 2 + N e ' N* = P C R R / 2 + NJ> % = N e * ( 1 0 d ) 
MQ = PoüRAe/2(l+A+v) + M' ; MA = P„RAe/2(l+A+v) + M! (lOe) 
U L K ü (p L K <p 
% = Me* (10f) 
where the "primed" quantities represent the increments which take the 
system from the unbuckled State to the adjacent buckled equilibrium 
State. 
Substitution of Equations (10) into Equations (8) and lineariza-
tion gives the buckling equations which follow: 
RCcos 9(N'-N') + sin 8 N- + N- - | P*R R sin 0 ••] (IIa) 
* » &' & i o 
+ cos 0(Mn -M, ) + sin 6 M. a + M' . + R sin 0 P' = 0 
R[N' + 2 cos 9 N< + sin 9 N' - \ PJRR sin 6 •'] + M*' 
+ 2cos 9 Mrtl + sin 6 ML, rt + R sin 8 P' = 0 (Hb) 
17 
- R sin 6(N'+N!) + [cos6(M'-M!) + sin 6 M' + M' .] ö (11c) 
+ csc B[M- + 2cos 6 M' t sin 6 M> ] + | PCRR[sin 8 «• 
+ cos 9 $' + $! .] + R2sin 6 PI = 0 
6 9 ,d> Z 
where the stress and moment resultants are the same as in Equations 
(6) with e o 9 e,, and e replaced by 
£ee = ^ e 9 e
+ w , ) ( 1 2 a ) 
£IA = k (ul k
 c s c e + ui cot e + w1) (12b) 
9 9 R <p , 9 ö 
ee* = ^ ( u ' * , e + u e , * c s c e - S c o t 9 ) ( 1 2 c ) 
and all the other primed quantities are the same as shown previously 
with u Q 9 u,, and W replaced by u', u', and W
T, respectively. 
ü 9 ö 9 
The effect of load behavior is introduced into the buckling 
equations by substituting appropriate expression for P', P', and P'. 
ö 9 ^ 
The cases of load behavior considered here are (i) the load remains 
parallel to its original direction, (ii) the load remains perpendicular 
to the deformed middle surface, and (iii) the load remains directed 
toward the initial center of curvature. The cases are indicated v/ith 





As seen by geometrical considerations the loading components to 
be introduced into the buckling equations are as follows: 
P' = 
CR 






u! - esc 9 w' 
u! 
(13b) 
pz = (13c) 
If, in addition to Equations (13), a displacement potential, 
S', such that 
u 9 = s : (14a) 
u! = S' , esc (14b) 
is introduced into Equations (11), the buckling equations take the 
following form: 
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s i n 0 —- ({ - [A | + a * ( l + p ) + A —-*]V2 + [ 1 + v + A( l - | + | * ) ( 1 5 a ) 
R 
- e 2 * 
a " ( l + p - v ) - A ^ + 
R 
1* 
1* - 2 
1* 
]}W + {[1+A(1 + | + | * ) 
+ cf (1+p) + X ~ t ^ 2 + [ 1 - v + A U + | + | " ) + a * ( l + p - v ) 
R2 R R 
+ X S 
2A 
1 * ' 
1* - 2 
1* - 2d 
] } S ' ) = 0 
^ ({ - [A | + a * ( l + p ) + Ä ~ * ] V 2 + [ l + v + Ä ( l - | + ! * ) (15b) 
R 
* 2 * 
- cf ( 1 + p - v ) - A — " + 
R 
f 1 * 1 
1* - 2 
1* 
]}W + {[1+A(1 + | + f * ) 
2Ä 
+ c T ( l + p ) + A V ^ v + C l -v+X( l + | + | " ) + cf ( 1 + p - v ) 
R2 R R 
2,. 
' 1* ' 
3 1* - 2 
, 1 * - 2 
] } S ' ) = 0 
2 2 
{ - [ a ( l + p ) + Ä ^ ] V 4 - [ a ( l + p - v ) - 2Ä | + Ä \ - $]V2 ( 1 5 c ) 
R2 R R2 
- 2(l+A+v)}W + {[A §•+ cf(l+p) + A V V " C1+v 
R R 2 
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2A 
+ X(l - f- + |") - cf(ltp-v) - X V + 3]V̂ }S' = 0 
R R R2 
where 
a = ~ (h/R)2 (16a) 
= PCRR(l-v )/2Eh (16b) 
v2 - 2 V = esc 
3<{>' 
+ cot _9_ JT_ 
" + 862 
(16c) 
At first it may seem that the introduction of the displacement 
potential overconstrains the problern. This is not the case, however, 
since the first two of Equations (15) are seen to be satisfied by the 
same condition. 
If Equation (15a) is divided by sin 6 and integrated with respect 
to 0 and Equation (15b) is integrated with respect to <j>, these two 
equations can be reduced to the following single equation: 




of (1+p-v) - X ~" + 
R 
( 1* ' 
1* - 2 
. 1* ^ 
]}w» + { [ i + x ( i + | + ! * ) 
2,. 9 
+ cf (1+p) + X V ^ v + [1-v+ACl t | + §-") + cf (1+p-v) 
R2 R R 
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- e 2 * 
1* 
1* - 2 
1* - 2 
]}S' = C 
The buckling equations are now Equations (15c) and (17). 
The particular Solution to this System of Equations [Equations 
(15c) and (17)] can be shown to be 
W^ = 0 (18a) 
S^ = C/[l-v+Ä(l + | + !*) + a*(l+p-v) + X —•' -
1* 
1* - 2 
1* - 2 
]. (18b) 
However, since the values of u' and u! are not altered, as seen from 
ü 9 
Equations (IM-), by the add i t i on of a cons tan t to S' , C may be s e t 
equal t o ze ro . 
The buckl ing equat ions thus become 
2 t 
{-[X f- + a * ( l + p ) + Ä V ' j ' 2 + Cl+y+Ä(l - | + | " ) - a " ( l + p - v ) (19a) R R2 R R 
- e 2 * 
1* 
1* - 2 
1* 
]}W + { [1 + \ ( 1 + | + | * ) + a*( l+p) 
e 2 * e . e A r e 
2A 
+ A ^ - ]V" + [ l - v + X ( l + f + ~ ) + a ( 1 + p - v ) + X S -
R2 R R R2 
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1* 
1* - 2 
1* - 2 
] } S ' = 0 
2 2 
{ - [ o ( l + p ) + X ^ - ] V 4 - [ a C l + p - v ) - 2X | + X ~ - ß]V2 (19b) 
R2 R R2 
2, 
- 2 ( l+X+v)}W + {[X | + a*<l+p) + X ^ ] V 4 - [ l + v + X ( l - | + | * ) 
R 
2 
- cf (1+p-v) - X ̂ r" + ß*]V2}S' = 0 
R 
The problem has thus been reduced to an eigenvalue problem. 
The eigenfunctions of this problem are surface spherical harmonics. 
Thus W and S' are taken in the form which follows: 
- i - • 
W = 7 A A . P . ( c o s 6) + y y [ A . . cos j<J> + B . . s i n j<j>]P?(cos 0) (20a) 
<-n 0 l x i = ! j = ! 3 1 3 i i i=0 
ST = J C . P . ( c o s 6) + y J [ C . cos j<j> + D . . s i n jcj>]P?(cos 0) 
•tn 0 l ! i=! js! 31 31 X 
(20b) 
i=0 
As shown in Appendix A, Substitution of Equations (20) into the 
buckling Equations (19) shows that the consideration of axisymmetric 
deflections would have been sufficient for this analysis and leads to 
the following relation from which the eigenvalues (non-dimensional 
critical loads, Pnü/P_T) of the problem can be obtained: 
L K L-Li 
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V PCR / PCL ) 2 + Bi(PCR/PCL'
 + C = ° (21) 
In Equation (21) the subscript "i" refers to the load case considered 
and P = -2E(h/R) /^d-v2) is the classical buckling load for the 
LLi 
unstiffened shell. The constants in the equation are as follows: 
A = 0 (22a) 
A2 = -1 + 1 (22b) 
A3 = 1 (22c) 
l± = j [ i ( l - v
2 ) ] " 1 / 2 ( | ) {[1 + X(l + | - |*)]n(n+l) - [1 + 2* 
A A A 
- v + 2v" + X(l + 2" + 5 - - §-")] - 2(l+X+v)/n(n+l)} (22d) 
K K 
\2 = \ [|(l-v
2)]" 1 / 2 (*-) {[1 + X(l + 3 | - | * ) + 2a( l+p)( l*- l ) (22e) 
£• A A A A 
+ 2X ~ ( l " - l ) ] n ( n + l ) + [ 1 - 2" + 3v - 2v" + X(l - 2" - 7 §• 
R2 R 
2 
+ 3 § 0 + 2(a-a*)(l+p-\>) + 2X ~ (1-1*) + (-2*+4)(l+X+v)/n(n+l)} 
R R2 
2 
S 3 = I ^ 1 " v 2 ) ^ " 1 / 2 <£> { ^ + X ^ + | - |*> " 2a(l+p) - 2X ^]n(n+l) 
R 
2 
- [1 + 2* - v + 2v* + X(l + 2* + 5 % - §-" - 2a(l+p-v) - 2X ~ ] 
R R 2 
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+ (-2*+4)(l+Ä+v)/n(n+l)} (22f) 
2 
C = ^ - (R/h)2 ({-[a(l+p)+Ä S-.]n(n+l) + [a(l+p-v) ( 2 2 g ) 
2(l-v ) R 
2 
- 2A | + A ~ ] - 2(l+X+v)/n(n+l))([l + Ä(l + | + §") 
R 
2.,. 
+ ct*(l+p) + A ®-"]n(n+l) - [l-v+Ä(l + | + §-" ) + a*(l+p-v) 
R2 R R 
2A 2A 
+ A ̂ -"]) + ([x | + a*(l+p) + A ̂ M n + l ) + [1 + v + A(l - f 
R2 R R2 R 
+ §-*) - a*(l+p-v) - Ä ~:)2} 
R R2 
From Equation (21) it is seen that 
(P_D/PPT). = (-B. + /B?-4A.C )/2A. (23) 
CR CL I i l i l 
when A. I 0, and that 
l ' 
' W W i - "C/Bi (24) 
when A. =0. 
l 
For a given geometry, Equations (23) and (24) give the non-
dimensional critical loads, P /P T, as a function of n only. The 
non-dimensional general instabili-y loads (POT̂ /P T̂ )„XXT are then to J CR CL MIN 
obtained by minimization of these relations with respect to integer 
values of n. 
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Note that when the parameters which characterize the stiffeners, 
e/h, X, and p, are set to zero the critical condition, Equation (21), 
reduces to that of the unstiffened shell as given by Equation (15) of 
reference [59]. 
Weight Savings 
An indication of the weight savings due to the stiffeners is 
obtained by comparing the weight of an isotropic spherical shell which 
has the same critical load as the stiffened shell to the weight of the 
stiffened shell. 
Before the weight of the isotropic or unstiffened shell can be 
obtained an equivalent thickness, h must be found. To deternine ^ equ. 
the equivalent thickness solve the equation 
2E(hequ/R)
2A'i(T^y = (P C R) M I N_ (25) 
for h . This results in the relation 
equ 
hequ. = h/<PCR/PCL>MIN. ( 2 6 ) 
The weight of the isotropic shell is then easily determined as 
wis. = ^ h fWciW (27) 
where the average density, PAv> -̂
s t^ie welght of the stiffened shell 
per unit volume. 
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The weight of the stiffened shell can be considered as the 
weight of the shell, Wcu , plus the weight of the stiffeners, Worp. 
bn . b 1 
The weight of the shell is given by 
WSH. = ^ R 2 h p S H . " ( 2 8 ) 
The weight of the stiffeners is obtained by Computing the volume of 
each stiffener and then multiplying this by the density and the number 
of stiffeners. Thus the weight of the stiffeners is 
TT TT -
WQT = pQT [/ / - A J L (R+e) sin 6 dö d«|> (29) 
b K bi* 0 -TT b(R+e) 
TT 
+ — / (Rte)Äsin 6 d6] 
b 0 
or 
W = 47TR2h p [ 2E Ä(l + |)]. (30) 
' E(l-v ) 
The weight of the stiffened shell can thus be written as 
Wq_ = 4TTR
2h p_H [1 + - ^ -
 2E . Ä(l + |)]. (31) 
ST.SH. SH. pSH> g(1_v2) R 
Once the weights of the Isotropie shell and the stiffened shell 
are known the percentage weight savings due to the stiffeners can be 
found from the relation 
27 
PWS = [1 - (WST gH/WIS>)]100. (32) 
Discussion and Conclusions 
The results of this analysis were obtained by making a numerical 
study of the critical condition given by Equation (21). In making this 
study two Computer programs were written for the Univac 110 8. In one 
of these the Mushtari-Vlasov-Donriell approximation was made and in the 
other it was not. Throughout the numerical work the values v = 1/3 and 
pow /prTT = 1 were used. These programs are contained in Appendix B. 
bl. bn. 
Table 1 contains sorae typical output from each of these programs 
From t h i s t a b l e the e f f ec t of making the Mushtari-Vlasov-Donnell 
approximation was assessed and the e f f e c t of the cases of load behavior 
considered was determined. 
In Figure 2 the non-dimensional general instability loads, 
(P /P ) . , and the percentage weight savings, PWS, due to the 
stiffeners are presented as functions of the non-dimensional stiffener 
eccentricity, e/h, for typical shells with light, moderate, and heavy 
stiffening. From this figure a parametric study of the effect of e/h 
on (P /P ) and PWS was made. 
LK LL MlJN . 
From Figures 3 through 6 a parametric study of the effects which 
the remaining non-dimensional stiffener parameters, X and p, have on 
'WCLW
 and pws was made-
A careful examination of the results of this analysis leads to 
the following conclusions regarding the buckling of the eccentrically 
stiffened complete spherical shells considered here: 
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1. The assumption of axisymmetric kinematic behavior leads to 
the same critical loads (note that the resu.lts of Chapter II are inde-
pendent of this assumption) . 
2. The Mushtari-Vlasov-Donnell approximation does not appre-
ciably affect either the general instabil!ty loads or the failure modes. 
3. The effect of load behavior during buckling is negligibly 
small. 
4-. Inside stiffeners lead to a stronger configuration than 
outside stiffeners. 
5. Increasing |e/h| increases (pCR/
p
CI )Mjv • 
6. Increasing X increases (P /P ) but decreases PWS. 
LK LL MIN. 
7. In order to sustain a given uniformly distributed pressure 
the Isotropie shell must be heavier than the stiffened shell. 
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CHAPTER III 
AXISYMMETRIC INITIAL POST-BUCKLING ANALYSIS 
Introductory Remarks 
In Chapter II the general instability loads of perfectly formed 
eccentrically stiffened complete spherical Shells under uniform load are 
calculated. The meaning of these loads when applied to imperfectly 
formed Shells is not clear. To clarify this meaning the imperfection-
sensitivity of the Shells is determined. For Shells which are 
imperfection-sensitive these loads can be thought of as upper bounds 
on the actual loads, and the differerice between the calculated and 
actual loads can be expected to decrease as the imperfection-
sensitivity decreases. 
Koiter's general theory of initial post-buckling [34-36] is 
used to get an indication of the imperfection-sensitivity of these 
Shells. Following the theory the eigenfunction corresponding to the 
general instability load for each shell is used in a post-buckling 
analysis. The initial slope is calculated. If this slope indicates 
the existence of equilibrium positions for loads less than the critical 
load these positions are unstable and the shell may be imperfection-
sensitive with the severity of the sensitivity indicated by how fast 
the load decreases. When the slope is zero, the curvature is used as 
an indicator. 
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Koiter-type analyses of unstiffened spherical Shells have been 
done by Thompson [M-2], Walker [43], Hutchinson [M-l], and others. 
Hutchinson and Amazigo [55] considered eccentrically stiffened cylin-
drical Shells. 
Throughout this chapter the deformations are assumed to be 
axisymmetric, only load behavior case (ii) is considered, and the 
Mushtari-Vlasov-Donnell approximation is made. 
The Energy Functional 
Following the general theory the change in total potential 
energy experienced by the System as the shell is displaced from the 
primary (uniformly contracted) State to an adjacent State is first 
formulated. 
Strain Energy of the Shell 
The geometry and sign Conventions are the same as presented in 
Figure 1. However, since the structure is assumed to behave axi-
symmetrically, u is identically zero and W and ufi are independent of 
<J>. The kinematic relations derived by Sanders [66] are again used. 
The midsurface strains are given by 
Eee = i ? < V e + w i + V + ^ w i ,e ( 3 3 a ) 
ZK 
e H = f ( c o t e ue + w i + V ( 3 3 b ) 
where W is the prebuckling defonnations and W and ufi are the addi-
tional displacements. 
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The changes in curvature are given by 
~ W (34a) 
P. 1,ee 
kA = - ̂ r cot 6 Wn (34b) 
^ R2 1'6 
The total strains are given by 
eA = eAA + z kAA (35a) 
z± = eL L + z k, (35b) 
The total Stresses in the shell are 
°f = —^T- [ £e + v ed> 3 (36a) 
9 (l-v2) e * 
a S H = - S . [ E l + v e A ] (36b) 
* ( l - v 2 ) * 
If the Poisson effect is neglected the Stresses in the stif-
feners are given by 
of - E sQ (37a) 
oSJ = £ zA (37b) 
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The strain energy per unit area of the undeformed middle surface 
is given by 
h / 2 
K = \ [ / ( a f £ + a f e )dz + £ - / a f e dA (38) 
2 ^ / 2 6 6 cj> cj> b 0 * 8 0 6 
+ — / o. e dA ] 
% i * * * 
or, upon Substitution and integration, by 
K = I 7 ^ 2 7 [ < 1 + l K e ee + e**> + 2 v e e e e H + 2 e X ( eee kee ( 3 9 ) 
(1-V ) 
3 
+ eAAk*A) + e 2 X ( k f lR + k L ) ] + I E h 0 C ( l + P ) ( k ^ 
<J)<J) <J)<|) 66 cjxj) 2 1 2 ( i _ v
2 ) 6 ( 
+ k?J + 2vk00kxJ. 
The strain energy of the shell can finally be written as 
2 TT 
JE = EhR2 J"
 sin Q{\ W Q ( 1 + X + V ) + f W (l+X+v)(| W (40) 
(1-v ) 0 R 
+ l u e J Q
+ I c o t 9 V + ( 1 + ^ [ ( i u e , e + i V 2 
+ ( | c o t 9 u e t | w / ] + 2 v ( | u + i W l ) ( i c o t 0 u, 
+ I V + I V 1 + X + v ) ^ w i ,9
 + J Wi,ec(1+X)l V 
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• v I cot 6 u e + ( l + X + v ) i Wx - X | i Wx ] t i < l + X ) ^ Ŵ  
öö R ö 
" 2 * l f V l T w i , e e
+ 5- c o t e *i,e> "
 2X l ^ w i , e e
( l u e , 





29 W2 ) + a(l+p)(i. W
2
)69 + ^ cot
29 W 2^) 
K K K 
+ 2av -̂ r cot 9 W. Q W. }dö . 
R2 lj6 l 5 e e 
Potential Energy of the Load 
The potential energy of the load, JT , can be written as (-P) 
times the change in volume, AV, of the shell. Now it is found con-
venient to shift the reference of the potential by (-P) times the 
initial volume, V , so that J can be written as 
U i-i 
JT = -PV. (41) 
Li 
With the a id of S y l v e s t e r ' s paper [67] the deformed volume, V, 
of the s h e l l can be expressed as 
V = ,R 3 / ' s i n 3 6 [ ( l + £ ( H )
3
 + ( l + e + + )
2 ( i u 9 > 6 - i cot 6 W ^ n d e (42) 
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The potential of the load can then be written as 
JL = EhRo / " ^ sin36{(l + ± W Q )
3 + (1 + i WQ)
2[3(| cot 0 • (43) 
(1-v ) 0 
U e + ^ V + ( i : u e , e - p : c o t 9 W i , e ) ] + ( 1 + p : V 
C 3 ( I c o t e u e + i W l )
2
 + 2 ( iu 6 j 6 - i c o t e w ) 
( i co t eue• + iw 1 ) ] + [ ( i co t eu e ^ V
3 + ( ^ u e , 
- ^ c o t 6 WJL e ) ( i c o t 6 u 0 + | W 1 )
2 ]}dö 
where the load parameter, ß, is given by 
= PR(l-v2)/2Eh (44) 
The First Expansion of the Energy Functional 
The energy functional, P[u ,W ], is the sum of the potential 
energy of the shell and that of the load. According to the general 
theory it is first expanded in the form 
P [ u e , W 1 ] = PQ + P 1 [ u e , W 1 ] + P 2 [ u e , W 1 ] + . . . (45 ) 
where P [uQ,W.] is the sum of all terms of mth degree in the buckling m b 1 
displacements and their derivatives. This expansion ends with 
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P [ufi,W ] in the present case since this is the highest order term in 
the expressions for J and JT . 
L L 
These terms are as follows: 
P ° = S77 [4(1+X+V) 7 w ° " ^ i ( 1 + * w ° ) 3 ] ("6a) 
V W = TT̂ T { sin 6<f w o ( 1 + X + v ) [ l w i + S- u e , e (46b) 
(1-v ) 0 
+ i cot 6 u Q ] - 2 | ( 1 + | WQ)
2 s i n 2 6 [ 3 ( i - cot 9 u( 
+ IV + <ITue,e - ^ c o t e w i s e
) ] - 2 X l ^ w o ( l w i , 
+ | c o t 9 Wx e ) } d 6 
2 TT 
V W = fjy J sin 9t( l t !»«f\e + I V2 (45c) 
+ (1 cot e ue + I Wl)
2] + 2v(| Ug^g t i Wx)(i cot 9 ufl 
2 
+ k V + I V 1+X+v) "^ W* + Ca(l+p) + Ä ̂ -] • 
R R 
c^2 wi,ee + J c ° t 2 f l " i ^ + 2ay ̂  cot e wi,e wi,ee 
- 26(1+ i W 0 ) s in
2 9[3( | - cot 6 u e + | l ^ )
2 
+ 2 ( 1 cot 6 u 9 + | W l ) ( i u 8 j 6 - i c o t 6 w ) ] 
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" 7l H w i , e e ( l u e 5 e
 + R1 V " 2A~ I cot 6 R^ w i , e ( fT c o t e u, 
+ \ W1)}d6 
PqCufl9W.] = ^ V / s i n 0{-L W
2 [ ( l + X ) i u f l fl (46d) 
3 0 1 ( 1 _ v 2 ) Q R2 1,0 R 9,9 
t v ^ c o t 6 u e + | w i ( l + X + v ) - X | i w i f f l e ] 
- 23 s i n 2 9 [ ( i cot 9 u e + i W1)
3 + ( i cot 0 u( 
+ R ^ W 1 ) 2 ( I U 9 , 9 ~ | c o t 9 W l i 6 ) ]}d9 
2 TT 
V V wi] = ^^V I k (1+X)sin e 4 wi e
 de (46e) 
(1-v ) 0 R 
Primary State 
The principle of the minimum value of the total potential 
requires that the first Variation of the energy functional with respect 
to the displacements be zero for all positions of equilibrium. The 
primary State is a position of equilibrium for which this Variation 
reduces to the Variation of P.[uQ,W.]. Thus the Variation of P [u_,W ] 
1 tf 1 I U I 
must be i d e n t i c a l l y ze ro . This requirement leads t o the fol lowing 
r e l a t i o n between the prebuckl ing d e f l e c t i o n and the load parameter : 
(1+A+v) | WQ = ß ( l + |r WQ)
2. (47) 
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For snell values of 3 and — W this reduces to the relation 
K 0 
|- W = $/(l+Ä+v), (48) 
which agrees with the primary State Solution. 
The introduction of Equation (48) into Equation (46c) and 
neglection of ̂  W in direct comparison with unity gives the following 
K u 
functional to be used in the eigenvalue analysis: 
2 TT 
[u ,W ] = 1TEhR / sin 6{(1+X)[(| ue Q + | W )
2 (49) 
(1-v ) 0 
+ (icot N 6 4 V
2 ] + 24V^V 
( i cot 6 ufl t i W ) + ß ~ W
2
 e+ [a(l+p) 
R 
+ X 4 ] c 4 w i ( e e
+ 4 c ° t 2 e w i , e ] + 2 a v 7 2 
K K K K 
c o t 6 W eW e e - 2gsin 9[3(i cot 8 u( 
+ i wx)
2
 + 2(i cot eu^ i«^» 
— c o t 6 W )"1 - 2 \ — — W (•— u + — W ) 
R c T i , e ; j ̂  R R i,ee^R e,e R r 
2 Ä - c o t 6 | W ( - c o t 6 u 6 + ^ W l ) } d e . 
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The Second Expansion of the Energy Functional 
S t i l l fol lowing the genera l theory each component of P[ufi,W ] 
i s expanded as a power s e r i e s in (jä-jL-.), where 3 n ü i s t h e , as ye t 
CK CK 
undetermined, critical value of 3, as follows: 
PmCVV = P^VV + (ß"-ß"CR
)pl
m
[ ] + ••• (50) 
The term necessary for the post-buckling analysis are given by 
1 Fh ^ 
P0[u W 1 =
 TfLn / {sin 6 wf - 2sin"6[3(cot 0 u„ (51a) 
1 ö L (1-v ) 0 ± 9 
+ w . ) 2 + 2(cot e u Q + w.)(u0 a - cot e w. fl)}de 
1 ü 1 ö , ö ± , t) 
TT 
P°[u ,W ] = TTEh. / {sin 9 W2 [(1+X)ufl fl + vcot 6 u. (51b) 
3 X R(l-v2) 0 1'6 6'6 9 
+ (l+X+v)W1 - X | W X 00] - 23CRsin
30[(cot 6 uQ + W 1 )
3 
+ (cot 0 n + W_)2(u0 . - cot 6 W. Q)]}d6 b 1 U,ü 1,0 
P°[u„,Wl = - JEh 9 (ltX) ! sin 9 w!* d0. (51c) 
4 6 1 4R2(l-v2) 0 L'6 
Eigenvalue Analysis 
The linear eigenvalue problem corresponding to the strain energy 
functional derived in the previous section can now be solved to obtain 
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the eigenvalues (general instabil! ty loads) and the corresponding 
eigenfunctions which are required for the initial post-buckling 
analysis. 
Stability Equations 
The principle of the mininiurn value of the total potential is 
again applied to obtain the stability equations. This principle, as 
stated earlier, requires that the first Variation of the energy func-
tional with respect to the displacements be identically zero for 
equilibrium. In the linear analysis the increments are assumed so 
small that P0[u„,Wn] and P.,[uQ,W. ] can be neglected. P. is a constant 3 ö 1 4 ö 1 U 
and its Variation is identically zero. The Variation of P.[uQ,W.] was 
1 ö 1 
required to be zero to insure that the primary State is a position of 
equilibrium. The principle thus requires that the first Variation of 
P„[u.,W.] with respect to the increments be zero for the existence of 
2 ü 1 
adjacent equilibrium. 
From these requirements the following two stability equations 
are obtained: 
2 3 
[ (1+Ä) ( -^ - + cot 0 — - co t 2 6) + 2ß - v] ufl + [-X | < A r (52a) 
96 2 dQ e R a e 3 
2 
+ cot 9 i y - co t 2 9 A ) + (i+X t-v-23) -g|-]W1 = 0 
9 8 
3 2 
{- X | - ( - 5 - + 2cot 6 ~ - co t 2 6 J L - 2 £- + csc 26 cot 6) (52b) 
R dB3 3 0 2 8 Ö " 
2 
+ (1+X+v-X | - 2 ß ) ( ^ j + c o t 0 ) } u e + { [ a ( l + p ) + X ^ " ] 
R 
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4 3 2 2 
( \ + 2cot 6 -i- - cot20 - ~ - 2 -i_ + csc26 cot 6 ~) 
804 803 392 802 8Ö 
2 2 
+ Ca(l+p) + X £ - - 2 Ä § - - a v - ß]( 3 + CQt 0 3 ) 
R2
 R ae 2 *e 
+ 2(l+A+v-2f3)}W = 0. 
Reduction of the Equations 
The stability equations, Equations (52), can be reduced to a 
more convenient form by the introduction of a displacement potential, 
S, such that 
s , e = V (53) 
-2 
and by definmg a linear differential Operator, V , such that 
V2 = 82/862 H- cot 6 8/86. (54) 
This form is as follows: 
— {[(l+A)V2+l+Ä-v+2ß]S t [-A | V2 (55a) 
tl+A+v-A §• - 2&W-} = 0 
K 1 
{V[-A |-V^ + 1 + A + V - Ä | - - 2ß]}S + {[a(l+p) (55b) 
K K 
2 2 
+ Ä ̂ r-]V4 + [a(l+p) + Ä % - 2Ä | - av -$]V2 
R2 R2 R 
41 
+ 2(1 + A + v - 23)}W = 0 
Next Equation (55a) is integrated with respect to 6, the con-
stant of Integration is set equal to zero (as was done in Chapter II), 
and 3 is neglected in direct comparison with unity. The stability 
equations then take the form 
{(l+A)V2+l+A-v}S + {-A |- V2+l+A+v-X f-}Wn = 0 (56a) 
K K l 
2 
{V2[-Ä f- V2+l+Ä+v-Ä §-]}S + {[a(l+p) + Ä ̂ -]V4 (56b) 
R R R2 
+ [a(ltp-v) + X ~ - 2A ~ -3]V2 + 2(l+Ä+v)}Wn = 0. 
R2 R X 
Solution of the Stability Equations 
The eigenfunctions of the stability equations, Equations (56), 
are Legendre polynomials. The additional increments are thus assumed 
in the form 
Wn(9) = l a P (cos 6) (57a) 
n=0 
S(8) = l b V (cos 9) (57b) 
n=0 n n 
where a and b are undetermined coefficients. 
n n 
Substitution of Equations (57) into the Equations (56) gives the 
two algebraic equations, 
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{-(l+X)n(n+l)+l+X-v}b + U §• n(n+l)+l+X+v-X §-}a = 0 (58a) 
n K K n 
2 
{-n(n+l)[X I n(n+l)+l+X+v~X |-]}b + {[a(l+p)+X ^r]n2(n+l)2 (58b) 
R R n R2 
2 
+ [-a(l+p-v)-X ̂ r + 2X |-+ß]n(n+l) + 2(l+X+v)}a = 0 
R2 R 
which must be satisfied for each n. 
In order to satisfy Equations (58) take 
b = {[X |-n(n+l)+l+X+v-X f-]/[(l+X)n(n+l)-l-X+v]}a , (59) 
n K K n 
and 
P /P =rIa-v
2)]"1/2#{-CX |n(n+l)+l+X+v-X |]2/C(l+X)n(n+1) (60) 
W CL L3 ̂  ;J hL R R 
2 2 
- 1-X+v] + [a(l+p)+X \]n(n+l) - a(l+p-v) - X ̂r-
R̂  R 
+ 2X I- + 2(l+X+v)/n(n+l)}, 
K 
-h,2 where PCL = -2E(^r//3(l-v2). 
The non-dimensional general iristability loads, (P /P ) , 
are determined by the minimizatioa of Equation (60) with respect to 
integer values of n. The value of n which corresponds to (P /P ) 
is denoted by n . 
CK 
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The increments which are to be used in the initial post-
buckling analysis are given by the relations 
= a p (cos e) 
"CR nCR nCR 
(61a) 
u = Ba P (cos 6), 
CR nCR nCR 
(61b) 
where 
B = [A | nCR(nCR+l)+l+A+v-X |]/C(l+X)nCR(nCR+l)-l-X+v]. (62) 
Irnperfection-Sensitivity Study 
With the linear eigenvalue problem solved, attention is turned 
to the initial post-buckling behavior of the Shells to obtain an indi-
cation of their imperfection-sensitivity. This attention is focused 
on the first branching point. 
General Procedure 
According to the general theory the linear eigenfunctions (the 
increments corresponding to the general instability loads) and the 
eigenvalues (written as 3nü) are substituted into the energy functional, 
This Substitution gives the following: 
CR CR 
a ' a 
nCR nCR 
0 nCR X 
) "l CR CR 




+ a* P°[ ] + a^ P°[ ] + a^ P°[ ] 
nCR 2 nCR 3 nCR 4 
+ (3-LR){P^an p|[ ] + a
2 Pj[}+ a3 P̂ [ ]} 
CR 0 ^ 1 nCR 2 nCR 3 
As can be seen from Equation (63) the initial post-buckling 
problem is thus reduced to the study of a System which has only one 
degree of freedom (namely a ) . To determine the pos t -buck l ing 
nCR 
equilibrium positions of this System the derivative of Equation (63) 
with respect to a is set to zero. The post-buckling equilibrium 
nCR 
positions are thus given by the following: 
dP[ ]/da = P?[ ] + 2a P°[ ] + 3a2 P°[ ] 
nCR 1 nCR 2 nCR 3 
(64) 
+ 4a3 P°[ ] + (ß-ß ){pl[ ] + 2a^ P V ] 
nCR * C R X nCR 2 
+ 3a2 ?\l ]} = 0. 
nCR 3 
Since the primary State given by a = 0 must be a position of 
nCR 
equilibrium, it follows that 
P 1 C ] + ( ^ C R ) P 1 C ] = °' (65) 
Since P. 
it follows that 
CR "CR 
a ' a 
nCR nCR 
is equal to zero at the bifurcation point, 
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9CR ^ R 
a ' a 
nCR nCR 
= 0 (66) 
Substitution of Equations (65) and (66) into Equation (64) gives 
the following condition from which the post-buckling equilibrium posi-
tions can be obtained: 
a^ (3a^ P°[ ] + 4a2 P°[ ] + (ß-0 ){2P^[ ] 
nCR nCR 3 nCR 4 C R 2 
( 6 7 ) 
+ 3a ?h ]}) = 0. 
nCR 3 
From Equation (67) i t i s seen t h a t pos t -buck l ing equ i l ib r ium 
positions exist if either a = 0 , which is a trivial Solution, or 
n 
CR 
P / P _ = 1 - {3 
IIN C RM: 
'CR 
r > 
PgC ]h + 4 
n CR P°[ ] h 2 } / ( 68 ) 
W2P2 [ ] + 3 
'CR 
PjC ] h ) . 
The initial post-buckling slope is obtained from Equation (68) 
as follows: 
d(P/PpR )/d(a /h) 
CRMIN nCR a =0 nCR 
3 P3^ ^ 
2_eCRP2[ ] 
(69) 
The initial post-buckling slope given by Equation (69) is 2:ero 
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when P [ ] = 0. An upper bound to the post-buckling curvatrure is given 
by the relation which follows: 




^ [ ]h 
"ßCR P 2 [ ] 
(70) 
This is an approximation that does not fully account for the 
redistribution of stress for finite a . A rigorous result could be 
nCR 
obtained, in general, by the method outlined in [35-37]. In view of 
the limited usefulness cf Koiter-theory results, the additional analysis 
required to obtain a rigorous curvature measure does not seem justified. 
Evaluation of the Required Functionals 
Substitution of the eigenfunctions, Equations (61), into the 
required functionals, Equations (51), Integration by parts, and a change 
in variables as demonstrated in Appendix C reduce these functionals to 
the following form: 
'CR ^ R 
a 3 a 
nCR nCR 




- 4} / [P (x ) ] 2 dx 
-1 nCR 
CR CR 
a ' a 
nCR nCR 
T T E h
9 < [ B % - | B
2ß_ t 1 B(l+X-3v) 
R(l-v2) C R 2 C R 4 
(72) 
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l l l]nCR(nCR+1)2 + [ - B 2 | C R + 2BßCR + J<l+Ä+v)]nCR(nCR+l) 
4 TT 
1 
,R} / [P^ (x)]° dx 
3 CR -1 nCR 
ufi W l 6CR XCR 
a ' a 
nCR nCR 
TT E h 
4R2(l-v2) 
(1+X) / [P (x)]4dx; ODD n (73) 
-1 CR CR 
Lebedev [68] shows that 
1 9 
I [P (x)rdx = 2/(2n+l) 
-1 n 
(74) 
Thompson [42] shows t h a t 
'4/3" 1 
/ [P (x)fdx = 
- 1 
3TT n(n+l ) ' even n 
; odd n 
(75) 
Walker [43] shows t h a t 
TP fvl-l2 - ? [ A ( n - i ) ] 2 A ( i ) [ 4 n - 4 i + l ] „ 
L V x ; j " * A(2n-i)[4n-2i+l] 
1 = 0 
2 ( n - i ) U ) (76) 
where 
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A ( m ) - 1 . 2 • 3 • ... . m ( 7 7 a ) 
A(o) = A(-m) = 0 . (77b) 
Using Equation (76) and orthogonality it can be shown that 
j \ v (x)fdx = l 2[A(n-i)AA(i)]2(^i+l)2 ( ? 8 ) 
-1 n i=0 [A(2n-i)] (4n-2i+l) [>(n-i)+l] 
The required functionals can then be written as 
PiC ] = - ^ C (79) 
2 (1-v2) nCR 
P°[ ] = ~ ^ V D n ( 8 0 ) 
3 R(l-v2) "CR 
P?C ] = s 7 T E h 9 (l+X)En (81) 
4 R2(l-v ) nCR 
where 
{[-2B2+4B+l]nr,ü(n0^+l) - 4} (82a) nCR 2nCR + 1 CR^ CR 
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{"f { - i l ( 1"V 2 ) < I > < W P C L > M I N C B 2 ( B - l )nCR (nCR+1) 
+ B("B+2) " 3n^(n^TIT ] +^ B ( 1 + X- 3 v )- X l]nCR(nCR+1) 
'CR 
(82b) 






E n _ = A 77Z T^2T Z o 
CR i=0 [A(2nCR-i)] [M-nCR-2i+l]"[8(nCR-i)+2] 
; odd nCR (82c) 
Completion of the Study 
Substitution of Equations (79) and (80) into Equation (69) 
gives the initial post-buckling slope as shown below 
3& D 
d(P/Ppp )/d(a /h) 
CRMIN nCR 
*CR 
nCR=0 2,/ä^7(P C R/P C L) M I N C^ 
(83) 
CR 
For odd values of n the initial post-buckling slope is zsro 
and the initial post-buckling curvature is given as 
4/3~ ( h / R ) ( l + A ) E 




nCR=0 /(I^T ' W W M I N Cn 
( 8 4 ) 
CR 
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With the use of Equations (83) and (84) an indication of the 
imperfection-sensitivity of these Shells can be obtained. 
Discussion and Conclusions 
A numerical study of Equation (83) was made to determine the 
initial post-buckling slopes for some typical Shells. For making; this 
study, a Computer program was written for the Univac 1108. This program 
is contained in Appendix D. Throughout the numerical work the value 
v = 1/3 was used. Table 2 contains some sample results from this 
program. 
From Table 2 it can be observed that the suggested initial post-
buckling slopes are small and positive when r\nT> is even and zero when 
LK 
n _, is odd. When the slope is zero Equation (84) suggests that the 
curvature is positive (since E and C are positive). Thus the 
n n 
CR CR 
analysis suggests that Shells which correspond to even values of nnü 
LK 
are imperfection-sensitive and those which correspond to odd values 
are not. This suggested initial post-buckling behavior is illustrated 
in Figure 7. The dotted positions are unstable. 
The results of an analysis of unstiffened spherical Shells by 
Thompson [M-2] indicated this same type of behavior. However, Thompson 
rejected the suggested imperfection-insensitivity with the explanation 
that the bifurcation points are so closely spaced that the modes cor-
responding to the odd values of n__ will never be seen. 
LK 
This explanation was based on the Observation that structures 
which have closely spaced bifurcation points often follow a post-
buckling path which is different from that suggested by nnü. From a 
LK 
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practical point of view this path could correspond to a discrete mode 
with a different mode number (say nnD-l), it could involve a change in 
LK 
mode as discussed by Stein [69], or it could even involve a coupling 
of modes as mentioned by Chilver [70]. From this Observation it would 
seem that any Single mode analysis as used by Thompson [H2] and as used 
in this thesis should be accompanied by a study of the spacing of the 
bifurcation points and in some cases a multimode analysis may be 
appropriate. Such a study was made here. Some typical results are 
shown in Figure 8. 
From these results (Table 2 and Figure 8) the following major 
conclusions may be drawn: 
1. The meaning of this analysis is questionable for lightly 
stiffened Shells which have closely spaced bifurcation points as shown 
in Figure 8a. (In cases like this, modal "coupling" is likely to 
occur and a multimode study is desirable). 
2. For moderately or heavily stiffened Shells which have suf-
ficiently spaced bifurcation points as shown in Figures 8b, c, and d, 
the following Statements can be made: (i) the results obtained for 
even values of n R can be used as the indicator for imperfection-
sensitivity (the odd value of n_D will not be seen because of the 
CK 
proximity of the loads corresponding to even values of n as shown in 
Figure 8b); (ii) the degree of imperfection-sensitivity is directly 
proportional to Ä and inversely proportional to |e/h| and p; and (iii) 
the imperfection-sensitivity is greater for inside stiffeners than for 
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bß = b sin 9 
b 0 = b 
*e = *j =e 
Aß = A sin 6 
VA 
le = I sin 0 
V i 
«e-n 
a0 = R sin 6 
Figure 1. Geometry and Sign Convention. 
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Figure 2. The Effect of Stiffner Eccentricity. 
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X = 2.667; p = 2000 
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c) HEAVY STIFFENING 
Figure 2. The Effect of Stiffener Eccentricity. 
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Figure 3. The Effect of p on the General I n s t a b i l i t y Loads. 
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Figure h. The Effect of p on the Percent Weight Savings. 
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Figure 6. The Effect of A on the Percent Weight Savings. 
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DERIVATION OF THE CRITICAL CONDITION 
Let the following constants be defined: 
£ = X | + cf (1+p) + X — 
R R2 
2A 
( A - l ) 
2., 
£_ = 1 + V + A( l - | - + f .") - c T ( l + p - v ) - A ®_" + 
2 R R R2 
1* 




S = I + x( i + f + | " ) + cTu+p) + x ^ 
3 R R R2 
(A-3) 
2A 
£ = 1 - v + X( l + f + | ° ) + cf ( 1 + p - v ) + X ®_" - ß 
4 R R R 2 
r lft i 
1* _ 2 
1* - 2 
(A-4) 
5 , = a ( l + p ) + X % 
5 R2 
(A-5) 
5_ = o ( l + p - v ) - 2X | + X ~ 
6 R R2 
(A-6) 
Kn = 2( l+X+v) (A-7) 
2A 





5g = 1 + v + X(l - ! + | ) - a"(1+p-v) •• Ä ~ + 3 . 
(A-9) 









2)s' = o (A-ll) 
The Legendre polynomials satisfy the differential equation 
- ^ + cot 0 4z + i ( i+D 
9 0 2 8 6 
p.(cos e) = o (A-12) 
and the associated Legendre functions satisfy the differential equation 
-^- + cot 6 4 " ] 2 csc26 + i(i+l) 
302 3Ö 
P?(cos 0) = 0. (A-13) 
With W and S* defined by (20) and with the aid of (A-12) and (A-13) 
it can be seen that 
V2W = -i(i+l)W (A-14) 
V2S' = -i(i+l)S'. (A-15) 
Substitution of Equations (20) into Equation (A-10) and Equation 
(A-ll) leads to the following equations: 
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l {[£ i ( i+ l )+E 2 ]A £ + C - 5 3 i ( i t l ) + ? 4 ] C 0 . } P i ( c o s 6) (A-16) 
i=0 
00 1 
+ 1 1 {[£ i ( i + l ) + 49][A cos j<|) + B s in j f 
i = l j = l : J 
+ [ - L i ( i + l ) + U [ C . cos j(f) + D. . s in j<|)]}P^(cos 0) = 0 
O 4- ]] 1 |] 1 1 
I { - £ 5 i
2 ( I + l ) 2 + C i ( i + l ) - £ ]A + [5 i 2 U + l > 2 (A-17) 
i = 0 
co i 
+ ? g i ( i + l ) ] C o i } P . ( c o s 9) + l l { [ - 5 5 i
2 ( i + D 2 
1=1 j = l 
+ £ . i ( i + l ) - ? 7 ] [ A . . cos jcj> + B s in je})] + [E i
2 ( i + l ) 2 
D / J 1 j 1 ö 
+ 59i(i+l)][C. cos j<|) + D.. sin :<J>]}P|(COS 6) = 0 
In order to clear Equation (A-16) and Equation (A-17) of the 
summations the following orthogonality relations are used: 
TT 
/ c o s m<j> c o s jcj> dcj> = TTÖ . ( A - 1 8 ) 
- T T 
TT 
/ s i n m({> s in j | d(j) = TT5 . (A-19) 
- T T J 
/ c o s m<|> c o s j<J> de}) = 0 ( A - 2 0 ) 
- T T 
TT 
/ s i n 6 Pm(cos 6)P?(cos 6)d0 = (A-21) 
0 
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2 (n+m)! . 




'0 î n 
1 i=n 
(A-22) 
Multiplication of Equation (A-16) and Equation (A-17) by 
sin 0 P (cos 6) and integration over the surface results in the rela-
n 
tions 
{^(n+D+S^ + [-Ssn(n+l)H4]Con} ^ ^ y = 0 (A-23) 
[-£n2(n+l)2+E ,n(n+l)-P ]A 





+{„(„+l)]0} 5 - ^ = 0 
Multiplication of Equation (A-16) and Equation (A-17) by 
sin 0 cos md> P (cos 0) and Integration over the surface results in the 
n 
relations 
(CC.n(n+l)H0]A + [-?Qn(n+l)+£. ]C } -




r / , m n \ 2TT (n+m)! 
+ £nn(n+l)]C } TT—-—— T r— = 0. 
9 mn 2n + 1 (n-m)! 
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Multiplication of Equation (A-16) and Equation (A-17) by 
sin 6 sin m<J> P (cos 6) and integration over the surface results in the 
n 
relations 
{[̂ -nCn+D+^DB^ + [-Lndi+D+LlD^} ^ — - £ ^ j - = 0 (A-27) 
1 2 mn 3 4 mn 2n + 1 (.n-m;! 
{[-C [-n
2(n+l)2+Ce ;n(n+l)-^,7]B + [ £ 0 n
2 ( n + l ) 2 (A-28) 
b 6 / mn 8 
r- / x ^ n n \ 27T (n+m)! _ 
+ £nn(n+l)]D } r — 7 r— = 0. 
9 mn 2n + 1 (n-m)! 
I t i s now e a s i l y seen t h a t the c r i t i c a l c o n d i t i o n , Equation ( 2 1 ) , 
i s obtained by the simultaneous Solu t ion of the a l g e b r a i c equat ions 
{[^ 1n(n+l)+? 2]A + [-£ 3n(n+l)+S 4]B = 0 (A-29) 
{ [ - ? 5 n
2 ( n + l ) 2 H 6 n ( n + l ) - C 7 ] A + [£ 8 n
2 (n+ l ) 2 +£ g n(n+ l ) ]B = 0 (A-30) 
where 
A = A , A , or B (A-31) 
on mn mn 
B = C , C , or D (A-32) 
on mn mn 
and t h a t the assumption of axisymmetric d e f l e c t i o n s [W = a P (cos 6 ) ; 
S' = C P (cos 0 ) ] would have given the same e igenva lues . 
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APPENDIX B 
THE TWO PROGRAMS FROM THE LINEAR ANALYSIS 
Making the Mushtari-Vlasov-Donnell Approximation 
READ(5,1)I 
1 FORMAT'CPO 
DO 11 J = 1 , I 
READ(5,2)HR,BL,RO 
2 FORMAT(E7.3,F6.3 ,F8.3) 
HR IS THE SHELL THICKNESS OVER THE RADIUS 
BL IS LAMDA BAR 
RO IS RHO 
WRITE(6,3)HR,BL,RO 
3 F0RMAT(1H1,5X,5HHR = ,E7.3,5X,5HBL = ,F6.3,5X,5HRO = , F 8 . 3 / / / 
13X,2HEH,8X,2HN1.5X,4HSPR1.9X,2HN2,5X,4HSPR2,9X,2HN3,5X,4HSPR35 
29X,4HPWS1,9X,4HPWS2,9X,4HPWS3///) 
EH IS THE STIFFENER ECCENTRICITY OVER THE SHELL THICKNESS 
N1,N2,N3 ARE THE CRITICAL MODE NUMBERS FOR LOAD CASES 1,2,AND3 RESPECTIVELY 
PWS1,PWS2,PWS3 ARE THE FERCENT WEIGHT SAVINGS 





AL IS ALPHA 
E l = ( 3 . / ' + . ) * ( S Q R T ( 3 . / 2 . ) ) * R H 
E 2 = ( 2 7 . / 1 6 . ) * ( R H * * 2 ) 
E3=BL*(1.+ER) 
E4=BL*(1 .+3 .*ER-2 .*(ER*»2)) 
E5=AL*(l.+RO) 
E6=BL*(1 . -7 .*ER+2.*(ER**2)) 
E7=AL*((2 . /3 . )+RO) 
E 8 = 2 . * ( ( 4 . / 3 . ) + B L ) 
E9 = BL*(1.+ER-2.*(ER** 2 ) ) 





E 1 5 = - ( 2 . / 3 . ) - E 1 0 + 2 . * E 7 








DO 12 N=2,100 
D1=N*(N+1) 
E16 = - (E5+BL*(ER f t *2)) Ä Dl+B7 , +Ell - (E8/Dl) 
E 1 7 = ( l . + E 3 ) * D l - ( 2 . / 3 . ) - E 3 






PR2=(-B2+SQRT((B2**2)-4 .*A2*C)) / (2 .*A2) 
PR3=(-B3+SQRT((B3**2)-4 .*A3*C)) / (2 .*A3) 




IF (PR2-SPR2)6 ,7 ,7 
6 SPR2=PR2 
N2 = N 
7 CONTINUE 
IF (PR3-SPR3)8 ,9 ,9 
8 SPR3=PR3 











Not Making the Mushtari-Vlasov-Donneil Approximation 
READ(5,1)I 
1 FORMAT(14) 
DO 11 J=1,I 
READ(5,2)HR,BL,R0 
2 F0RMAT(E7.3,F6.3,F8.3) 
HR IS THE THICKNESS OVER THE RADIUS 
BL IS LAMDA BAR 
RO IS RHO 
WRITE(6,3)HR,BL,RO 
3 F0RMAT(1H1,5X,5HHR = ,E7.3,5X,5HBL = ,F6.3,5X,5HRO = ,F8.3/// 
13X,2HEH,8X,2HN1,5X,4HSPR1,9X,2HN2,5X,4HSPR2,9X,2HN3,5X,4HSPR3, 
29X,4HPWS1,9X,4HPWS2,9X,4HPWS3///) 
EH IS THE STIFFENER ECCENTRICITY OVER THE SHELL THICKNESS 
N1,N2,N0 ARETHE CRITICAL MODE NUMBERS FOR LOAD CASES 1,2,3 RESPECTIVELY 
SPR1,SPR2,SPR3 ARE THE NON-DIMENSIONAL GENERAL INSTABILITY LOADS 
PWS1,PWS2,PWS3 ARE THE PERCENT WEIGHT SAVINGS 






















































REDUCTION OF THE ENERGY FUNCTIONALS 









is presented as typical Start-





^ — (B3 / {-23pp cos
39[-^P (cos 6)]3 (C-l) 2X i CR 96 n, R(l-v ) 0 CR 
- 23PD sin 0 cos
26[^ P (cos 6)]2[-^— P (cos 0)]}d0 
C R " nCR 902 nCR 
TT 
+ B2 / {-63„0 sin 6 cos
26 P (cos 6)[~ P (cos 6)]2 
CR iu„ 99 n, 
0 CR CR 
- 43nTD s i n
2 6 cos 6 P ( cos 6 ) [ - ^ - P ( cos 6 ) ] [-—- P ( cos 0 ) ] 
C R nCR " nCR 90 2 nCR 
ii 
+ 2 3 C R c o s





cos 9[P (cos 0)2[^-P (cos 0)] - 23OÜ sin
30[P (cos 0)]2 
" nCR 36 nCR C R nCR 
[-5— P (cos 0)] + 4 3 ^ sin 0 cos20 P (cos 0) ' 
902 nCR C R nCR 
C-̂ -P (cos 0)]2 + (1+X)sin 0[^- P (cos 0)]2 
90 nCR 90 nCR 
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a 2 a q ^ q 
[-2— P ( c o s 6 ) ] + v cos 6 [ - ~ P ( c o s 0 ) ] }d0 + / { - 2 3 p p s i n 6 
302 nCR 8 Ö nCR 0 C R 
[P ( c o s 6 ) ] 3 + 2 3 n ü s i n
2 0 cos 6[P ( cos 0 ) ] 2 [ ^ P ( c o s 6 ) ] 
nCR C R nCR " nCR 
+ ( l + X + v ) s i n 0 P ( c o s 0 ) [ ~ P ( c o s 0 ) ] 2 
nCR 3 Ö DCR 
2 
- X | s i n 6 [ ~ - P ( cos 0 ) ] 2 l - \ P ( cos 0 ) ] } d 0 ) . 
R 3 Ö nCR 90 2 nCR 
Us ing I n t e g r a t i o n by p a r t s as i n d i c a t e d be low g i v e s 
77 9 a 9 a2 
/ cos 0 s i n 0[TTT P (cos 0 ) ] Z [ A r P ( c o s 0 ) ] d 0 (C-2) 
0 8 Ö nCR 3 8 2 nCR 
u dv 
fy — — — — — — — — • 77 
= i- / cos20 sin 0 -Ä- C-̂ - P (cos 0)]3d0 = - / cos30 ' 
3 0 86 dQ "CR 0 
TT 
[ ^ P ( cos 0 ) ] 3 d 0 + \ / cos Ql~ P ( c o s 0 ) ] 3 d 0 
3 6 nCR 3 0 a 6 nCR 
2 
/ sin^0 cos 0 P (cos 6)D^-P (cos & ) ] [ — P (cos 8)]d0 (C-3) 
0 nCR 86 nCR 802 nCR 
u 
TT 
= =r ! sin^0 cos0 P (cos 0) ^[~r P (cos 0)] d0 
2 0 nCR " 8 0 nCR 
. T T TT 
= y / cos 9 [ ^ - P ( c o s 0 ) ] d0 - y / cos 0 s i n 0 • 
0 nCR 0 
TT 
P ( c o s 9 ) [ ~ P ( cos 0 ) ] 2 d 0 - i / c o s 0 [ ^ P ( c o s 0 ) ] 3 d 0 
nCR " nCR 2 9 Ö nCR 
1 TT 
+ ^ f s i n 6 P ( cos 0) [ ~ - P ( c o s 0 ) ] d6 
2 0 nCR a 6 nCR 
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/ s i n 9 cos e P ( cos 9) [ ~ P ( c o s 0 ) ] d0 
0 "CR 9 6 nCR 
(C-M-) 
dv 
= i / sin 9 co s 2 9 [ ~ P (cos 9)] ~ [P (cos 9)]2 d0 
2. i <3ö n„r, dö n, 
'CR CR 
= i / sin30[P (cos 6)]2[-^-P (cos 0)]d9 
2 0 nCR 8 02 nCR 
TT 
t^-f cos 9 sin20[P (cos 0)]2[^-P (cos 9)]d0 
2 i " n ^ du n, 
0 CR CR 
i q 
+ y n C R ( n C R + l ) / s i n 6 [ P n ( c o s Q)Tde 
CR 
/ sin20 cos 0[P (cos 0 ) ] 2 [ ^ P (cos 6)]d0 
0 nCR 8 e nCR 
u dv 
= \ J sin20 cos 0 4K [p (cos 0)]3 d0 
3 o " nCR 
(C-5) 
9 w q q q 
= 4 / sin 0[P (cos 9)] d6 + / sin 9[P (cos 9)] d0 
3 i n, 
CR CR 
Substitution of (C-2) through (C-5) into (C-1) gives 
6CR 1CR 
a ' a 
nCR nCR 
• ^ ~ - (B3 / {- ± ß C R cos 9[|Q Pn (cos 0)]
3}d0 (C-6) 
R(l-v ) 0 CR 
+ B2 / {2R cos 6C-—-P (cos 0)]3 - 2g sin 0 P (cos 0) • 
CR dQ n 
CR CR 
[—• P (cos 0)] }d0 + B / {2ßr,p n (n +l)sin 0[P^ (cos 0)T 90 n C R Q CR CR CR n C R 
80 
2 
+ (1+Ä)sin eĈ r- P (cos 6)]2[-^—P (cos 6)] 
96 nCR 802 nCR 
+ v cos 6[~- P (cos 9)]3}d6 
86 nCR 
77 iL * 
+ / {- T 3nü sin 6 [P (cos 0)] + (l+A+v)sin 9 P (cos 0) 
0 3 C R nCR nCR 
[~ P (cos 0)]2 - X | sin 
80 nCR R 
2 
[ ~ P ( c O S 0 ) ] 2 [ l r P (COS 0)]}d0 
96 nCR 802 nCR 




/ sin 0 P (cos 0) l4z p (cos 9)]2d0 = ^ / sin 9 [ ~ P (cos 0)] 
0 nCR " n 2 0 9Ö nCR 
dv 
^r [P (cos 6)]2d0 = in_p(npR+l) / sin 0[P (cos 0)]
3d0 
du npT? l LK LK ' n 
77 a 9 a2 1 / u • 
J s i n 0 [ ~ r P (cos 0 ) ] [ ^ r P (cos 0)]d0 = %• / s in 0 (C-8) 
0 96 nCR 8 02 nCR 3 0 
dv 
TT 
!^-P (cos 0)]öd9 = - ±- J cos ©Cfs-P (cos 9)1(18 
uw 80. nCR 3 £ 80 n 
u , (C-9) 
77 ä T d v q 9 9 ^ q 
/ [^ P (cos 0)r cos 0 d0 = - ~ x / (npp+l)^ / sin 0[P (cos 0)]°d0 
0 " nCR 4 CR CR J nCR 
Substitution of (C-7) through (C-9) into (C-6) gives Equation (72). 
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APPENDIX D 
THE PROGRAM FOR THE IMPERFECTION-SENSITIVITY STUDY 
READ(5,1)I 
1 F0RMAT(I4) 
DO 11 J=1,I 
READ(5,2)HR,BL,RO 
2 FORMAT(E7.3,F6.3,F8.3) 
HR IS THE SHELL THICKNESS OVER THE RADIUS 
BL IS LAMDA BAR 
RO IS RHO 
WRITE(6,3)HR,BL-,R0 
3 F0RMAT(1H1,5X,5HHR = ,E7.3,5X,5HBL = ,F6.3,5X,5HRO = ,F8.3/// 
15X,2HEH,8X,2HN1,9X,3HSPR,9X,3HPWS,9X,2HSL///) 
EH IS THE STIFFENER ECCENTRICITY OVER THE SHELL THICKNESS 
Nl IS THE CRITICAL MODE NUMBER 
SPR IS THE NON-DIMENSIONAL GENERAL INSTABILITY LOAD 
PWS IS THE PERCENT WEIGHT SAVINGS 


































PR3=(-B3+SQRT((B3**2)-4 .*A3*C)) / (2 .*A3) 




IF (PR2-SPR2)6 ,7 ,7 
6 SPR2=PR2 
N2 = N 
7 CONTINUE 
I F ( P R 3 - S P R 3 ) 8 , 9 , 9 
8 SPR3=PR3 
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